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1. Introdu ctio n
ln this pape r w e co n side rthe Ca u chy pr oble m fo rthe follo wl ng




- AuCi, xl+ uti,わ1 巾 ,iィB 0,I E RN ,
withtheinitial c o nditio n
く2J uく0, xj - aくxJ, I 6 R
N
.
It is a s s u m edthat theinitial v alu e aくxJis abo u nded n o n n egativ e
c o ntin u o u sfu n ctio nin RN
l
n Ot V a nishingide ntic ally.Itis w ell-kn o w n
that the r e
r
e xists a po sitivelo c als olutio n-uくi, xJof 川 withく2l. In
c a s e orS 2lN ,allpo sitiv e s olutio n s uくt, xJofく1lblo w up to o oin
finite tim e1 0n the othe rha nd
,
in c a s e aン 2lN ,fo r s ufEcie ntly s m all
n o n n egativ einitialvqlu e aくxJくn otide ntic ally v a nishingJ,the lS Olution
uti, xjof
l
いJwithく2Jc o nもe rge sto o u nifor mlyin x
L
a Si - cxj, a nd
fo r s ufRcie ntlyla rgeinitial v alu e aくxj,the s olutio n uく.i, xJofく1Jwith
く2Jblo w s up toinfinityin finite tim e. W e ha v e studiedthe effe ctby
theinitial valu e s aくxJo n the a sy m ptotic beha vio r ofthe s olutio n s
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uci, xJofaulai - A u +ftuJfo r s o m e spe cial no nlin e a rte r m sftuJ
くs e et3j,t4コJ. Ro ughly spe aking,itis sho w nthatこ
Iftheinitial v alu e aくxlis gre ate rtha n the statio n a ry s olutio n
u
oくxJofthe abo v e equ atio nthe nthe s olutio n uCt, xJofthe equ atio n
blo w s up o rgr o w s upto o o a si - 00 , o nthe othe rha ndlifthe
initial v alu e aくxJisles stha nthe statio n a ry s olutio n uoくxJthe nthe
s olutio n uti, xJc o n v e rge sto 0 a si - 00.
1 n t4コw etre ated the equ atin く1Jwith cr - 41くN - 2l. In this
pape r w e sho w thatthe s a m e
.
a s s e rtio n holds fo rthe equ atio nく1J
with cyB 21くN - 2lu singthe slmi 1a rdir e ct e stim ate s. The s e re s ults
ha v ebe早n sho w nby Gui, Nia nd Wa ngt2コa nd Wa ngt6lin adiffe rent
W ay.
Fo r cr5 2IくN - 21the r e e xist po sitiv e s olutio n s u入くxlofthe
follow lng equ atio n




I E RN .
F. , e a ch 入ン Othe p. sitiJe s olutio n u入くxJofく3lha sthefollo wing
prope rtie s.
くS.J u入くxJis r adially sy m metric a nd strictlyde c r e a singinFxI.
くS2J u入くOJ ニ ス ン 0.
くS,J lim. 小 00rXIfu入くxJ -くftN - 2 一 芝1
吉
.
By u singthe s e statio n a ry s olutio n s u入くx い ン 0,o u rthe o r e mis
stated a sfollo w s.
T he o r e m. Fo rPxed 入ン O a ndthe statio n a ry s olutio n u入くxJ
oftheLequ atio nく3J,thefollo win9S hold.
くiJ IfaくxJ2 7u 入くxJfo r s o m e7く7 B IJ,the nthe s olutio n uti, xJ
ofthe equ atio nく1 wiihく2Jblo w s upin aPnitetim e.
くiil IfaくxJ5 7u入くx uo r sヮm e7く0 く 7 く 1J,the n ike s olutio n
uくi,xJofthe equ aiio nく1Jwiihく2Jc o n v e rge stO 0 u nifo rr,dyin
x a sl 一 寸 0 0.
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2. Pro of ofThe o r e m
T he he at equ atio nく1Jwithく2Jis tr a n sfo r m edinto the integr al
equ atio n
く4J uCi,xJ - 叫 xj.L
i
Hi- suくs, .r aくxJds, x 6 RN ,






HtaくxJ - fR N HCi, I ,yJaくyJdy,
HCi, I,yJ - く4叫
一昔e xpト
Let a po sitiv e c o n sta nt 入be fix ed. W e a s s um ethat the s olutio n
uくi, xJoftheintegr al equ atio nく4Jdo e s n otblo w upin afinite tim e.
Fo rpr o v ing The o re m w epr epare s eve r al le m m a s.


















c o n v e r9e StO 0 u nifo r mlyin kくk之1Ja s r - 00 ,
Pr o of. W e first n ote that the follo wing pr ope rtie sくS4Ja nd
くS5Jhold, w hich a rede riv ed fr o mくSl ト くS3J.
くS4J T he r e e xist po sitiv e n umbe r s cl, C2 S u chthatニ
くiJu入くr xJ之 clr
一 書u入くxJ fo上a ny r 之1 a ndlxJ之1.
くiiJu入くr xJ5 c2r
一書u入くxlfo r a ny r 之1 a ndJxI21.
くS5I u入くxj -L
00
dsfR N Hts, I,yJu入くyう1 巾 dy.
S up
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M akingthe cha nge of v a riable y - r
k+1zI W eha v e
I.
00




dsfI., 1く4 吋 普e xpト
三 c壬+a rtk+



















w he r e w ehav e u s edくS4J. Again,m akingthe cha nge of v a riable
a - r





















whe r e w eha v e u s edくS51a ndくSl . On the othe rha nd, byくSIJ




- 孟ku入くx.J fo r lxl三 r
k
,
w he r elxl - 1.





dsJiyI, ,A.1 Hくs, I ,yJu 入くyl
l巾 dy
u入くxJ




w hich c o mplete sthe pro of of Le m m a2.
Le m m a3. Let7 ン 1. Ifthe initial v alue aくxJ之 7u入くxuo r
a ny I E R
N
, the n also thefollowing S a m ein equ ality abo ut the global
s olutio n uti, xJof皇く叫holds.
.
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Le m m a4. Let7 ン 1 a ndP - cyl2. Suppo s ethai aくxJ之




, fo r a nyinte9e r m 之 1 a nd a ny
r. ン 0,the r e e xists T ン O s u chthat
く5J uti,xJ2 7く
1+Pr u入くxJ fo r a ny i ン m T and lxl三 ro.














cho o s e r之 m a xくro,1Js u chthatlxl5gr
k




xJン 0. Su ch a n r e xists by Le m m a2. Ne xt, pl c T ン O
s u chthat lxIS r m a ndi 之 T imply Koくi, xjン 0.
W e pr ove byindu ctio n o n nthat
く6J utt, xJ之7く
1+PJn u入くxl
fo r a nyi ンrH ,lxIS r
m - n +1




. . . , m .
w he n n - 0
,
w e alr e adyhave thisfa ctfo r a nyi ン O a nd I E R
N
.
As su mingthatく6Jholdsfo r n, w e shallpro v eく6lholds als ofo r n+1.
W e de n ote the s olution uくi, xJofthe equ atio nく1Jwiththeinitial
c o nditio nく2Jby 叫 , x言a,fl. Sin c e
uくt+ n T, x言a,fJ - uくi, x芸u n T,fJ, u n TくxJ - uくnT, x言a,fJ,
w eha v e
,
u s l ngtheindu ctio nhypothe sis,
lltI+ FIT. .I.1
- 叫 n T, 小J.
t
dsIRN Htt - s, I,yUくutnT . a, yldy




.I Hti - s, x,yげくu AtylJdy
bl壬r m - n +1
+I.
t
ds I Htt - a, I,yU 仙 Jdy.
lylD r m - n +1
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On the othe rha nd, the statio n a ry s olutio n u入くxJofく1Js atisfie s
t壬1efollo w l ng equ atio n
く71 u入くxl - 叫 xJ.I.
t
dsJRN Hts, I,yU - 1dy.
T he r efo r e w eha v e




+ く1 - 7く
1+叩く1+2PりHiu入くxl




ds I His, I ,yU 仙 1dy
LyLyr m - n+1
- 7く
1+PJn +1 u 入くxJ+ Kti, I, MJ+ Jくi, x, r












妄くMl+2P - Ml+PJu入くxJ - くガ 1+2P - 1JHtuAくxJ,






dsJy,,r 恥 x ,yげくuACyJldy.













Ml+2P - M l+P
M l+2P - 1
I.
i
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Ml+2P I M l+P







- 1ju入くxJK.くi, xJ ン O
fo rlxIS r m
- nく5 r mJa ndi之 T. T he refo r e w e obtain
uくi+ nT, xj 之 7く1+PJ
n +1
u入くxJ
fo rlxJ三 r m
-
n
a nd i2 T, n a m ely
uti, xJ 之 7く1+Pi
n +1
u入くxJ
fo rJxIS r m
- n
a nd i之くn +1jT, whichimplie sく6J,thatis, Le mm a
4.
Le m m a5. Lei Oく 7 く 1 a ndP - cyl2. Suppo s ethat O5
aくx15 7u入くxJfo r a ny x E R
N
. The n,fo r a nyinie9e r m之 1 a nd
a ny ro ン 0,the r e e xists T ン O s u chthat
く8J utl, x ktI7く
1+Pr u入くxl fo r a ny i ン m T a ndlx15 ro.








1 M l+2P - M l+P
言
.





1 M l+2P - M l+P Htu入くxJ
2 Ml+2P - 1 u 入くxJ
First
,






, M mJ ン 0,
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whe r e M m - 7く
1+Pr
. su ch a n r e xists by Le m m a2. Ne xt, pl c
T ン O s u ch that lxL三 r
m
a ndi 之 T imply K.ti, x ,7く
1+PrJン 0.
W e c a n als opr o v ebyindu ctio n o n nthat
く9J utt, xjミヤく
1+PJn u 入くxJ




n千l a nd n - 0,1, . . . , m .
Inde ed, w eha v e
叫 + nT,xl














1+ 即 +1 u入くxJ+ Ii
,






whe re M n 三 7く
1+PJn
. sin c el ン M n 之 M m - 7く
1+Pr
,
w eha v e
Jくi, I, r




三 くMl+2P 1 1Ju入くxJJ.くrm
- n+1
,














mJa ndi 之 T,
.
whichimplie s 軌that is, Le m m a
5.
pr oof .fT he .re m .- Sin c e
l
thefu n ctio nftuJis n o n- de c r e a sing
a nd s atis丘e sthefollo w lng C O nditio n
指 u く 00 io r sテ- e三, o,
Le m m a4 c o ntr adicts that uti, xJdo e s n ot blo w upくs e et5コJ. T his
c o mplete sthe pro of ofくiJ.
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Sin c
.
e 7u 入くxJis r adially sym m etric a nd de c r e a singinJxl, bythe
co mpa rlS O ntll e O r eT, itis s un cie nt to pro v eくiiJfo r r adially sym-
m etric a nd de c r e a singinitial v alu eヲaくxト The n uCi7X言a7fJis als o
r adially sy m m etric a nd de cr e a sing lnlxl. Le m m a5 im plie sthat, fo r
a nyintege r m,
uti, xJ 三 7く1 +Pr u,toJ fo r a ny i -5 n T.
T hu sthe pr o of of T he o r e mis c o mpleted.
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